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Abstract Hofer-Szabo, Redei and Szabo (Int. J. Theor. Phys. 39:913-919, 2000) defined
Reichenbach’s common cause of two correlated events in an orthomodular lattice. In the
present paper it is shown that if logical independent elements in an atomless and complete
orthomodular lattice correlate, a common cause of the correlated elements always exists.
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1 Introduction

Let p(A) and p(B) be probabilities of the events A and B respectively. When p(A A B) >
p(A)p(B), the two events A and B are said to be correlated. Reichenbach [9] regarded the
event C as a common cause of the correlated events A and B when the following conditions
were satisfied.

0<pC)<1

P(A A B|C) = p(A|C)p(B|C)
P(A A B|=C) = p(A|=C)p(B|—=C)
P(A|C) > p(A|=C)

p(B|C) > p(B|=C)

When a common cause of the events A and B exists, A and B are correlated ([9], pp. 159—
160). When the events A and B are correlated, does a common cause of A and B exist? Such
a problem are investigated by Gyenis and Redei [1] and Redei and Summers [8].

Gyenis and Redei [1] examined whether Reichenbach’s common cause of two logically
independent and correlated elements in a Boolean algebra exists or not. They showed that
uncountably infinite common causes of two logically independent and correlated elements
in an atomless Boolean algebra exist ([1], Proposition 7).
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Algebraic quantum field theory predicts correlations between two events which belong
to spacelike separated spacetime regions in many normal states (e.g. [2]). Redei [7] defined
Reichenbach’s common cause in algebraic quantum field theory, and Summers and Redei [8]
showed that if two events which belong to spacelike separated regions V; and V, correlate in
a faithful normal state, a common cause exists, which locates in the union of the backward
light cones of Vi and V; (see also [10]).

Hofer-Szabo, Redei and Szabo [3] defined Reichenbach’s common cause in an ortho-
modular lattice. In the present paper we examine whether Reichenbach’s common cause of
two correlated elements in an orthomodular lattice exists or not. We show that if logical
independent elements in an atomless and complete orthomodular lattice correlate in a com-
pletely additive probability measure, a nontrivial common cause of these elements always
exists (Proposition 3.9), and that if logically independent elements in an atomless and com-
plete orthomodular lattice correlate in a faithful completely additive probability measure,
uncountably infinite common causes of these elements exist (Proposition 3.10).

2 Mathematical Preliminaries

Definition 2.1 A lattice £ is a partially ordered set any two of whose elements a and b have
a least upper bound a V b and a greatest lower bound a A b, which are respectively called
the join and the meet of a and b. The least element and the greatest element, if they exist,
are denoted by 0 and 1 respectively.

Definition 2.2 A lattice £ with 0 and 1 is called orthocomplemented when there is a map-
ping a — a* of £ into itself satisfying the following three conditions:

l.avatr=1landa Aat =0.
2. a < b implies at > b*.
3. (at)*t =a forevery a.

When a < b1, we say that a and b are orthogonal.

Definition 2.3 An orthocomplemented lattice £ is called orthomodular when a < b implies
b=av (bAab).

Definition 2.4 Let a and b be elements of an orthomodular lattice £. We say that a com-
mutes with b and we write aCh when a = (a Ab) V (a A bb).

Definition 2.5 A complete lattice is a lattice £ in which for every subset S of £, the join
\/{ala € S} and the meet A{ala € S} exists.

For example, the set of all projections of a von Neumann algebra is a complete ortho-
modular lattice.

Definition 2.6 An orthomodular lattice is called atomless when for any nonzero element
a € L there exists b € £ such that 0 < b < a.

For example, the set of all projections of a von Neumann algebra without direct summand
of type I is an atomless orthomodular lattice.

In the present paper, N denotes {1, 2, 3, ...}. For mutually orthogonal elements xi, ..., x,
in an orthomodular lattice, x; + - - - 4+ x,, denotes x; V - -- V x,,.
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Definition 2.7 The mapping p of an orthomodular lattice £ to [0, 1] is called a completely
additive probability measure on £ when u satisfies the following conditions.

L u(h=1

2. For any mutually orthogonal elements {x,}aea, if ), 4 X4 eXists,

u(Z«w) = nx)

acA acA

For example, a normal state on a von Neumann algebra is a completely additive proba-
bility measure on the set of all projections of a von Neumann algebra.

Definition 2.8 Let u be a completely additive probability measure on an orthomodular
lattice L. p is called faithful when p(x) # O for any nonzero element x € L.

Lemma 2.9 Let u be a completely additive probability measure on an orthomodular lattice
L and let x and y be elements in L.

Lop(xh)=1—px).

2. If x commutes with y, it(x) = i(x A y) + u(x A yb).

3. 0fx <y, p(x) < pu(y).

4. If p is faithful and x <y, x =y is equivalent to pu(x) = pu(y).

Proof

. Since 1= p(1) = p(x +x1) = pn(x) + p(xh), pxt) =1— p(x).

. Since xCy, x = (x A y) + (x A y1). Therefore 1 (x) = (x A Y) + u(x A yb).

. Since y =x + (xF A y), u(y) = pn(x) + pxt Ay) = p(x).

. When p(x) = u(y), m(x* Ay) =0 because u(y) = (x) + u(x* A y). Since p is faith-
ful, x* A y =0, which implies x = y. O

RO R S R

3 Existence of Reichenbach’s Common Cause in an Atomless and Complete
Orthomodular Lattice

Definition 3.1 ([3], p. 914) Let £ be an orthomodular lattice, let u be a completely additive
probability measure on £ and let a and b be elements of L. ¢ € L is called a common cause
of a and b in u when cCa, cCb, 0 < u(c) < 1 and c satisfies the following equations.

u@aANbnc) _planc w(b Ac)

= (nH
u(c) u()  plo)
w@aAbAch) _ulan ) ud Acth) )
pledy  pled) et
pwlance) planct)
s 3
wo b ©
u(b Ac) - w(b Acth) @)

(o) ulch)
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If @ commutes with b, u(a) = u(a A b) + pu(a Ab*) and (b)) = (a A b) + u(at A b)
by Lemma 2.9. So for any elements a and b such that aCb and p(a A b) > p(a)(b),

@by panbb) wbra) b Aat)
> an >
w(b) wu(bt) w(a) ulat)

since wu(a A b) > p(a)wu(b) implies

u@nb)y pla)—upulanb) uAa) pb)—plaAnb)
> and > .
n(b) 1 — (D) u(a) I — (@

Therefore if a commutes with b and p(a Ab) > p(a)(b), both a and b are always common
causes of @ and b in .

Definition 3.2 Let a, b and ¢ be elements in an orthomodular lattice £. If ¢ is a common
cause of a and b, and differs from both a and b, we call the element ¢ a nontrivial common
cause.

Definition 3.3 ([5, 6]) Let a and b be elements in an orthomodular lattice £. a and b are
called logically independent if the following conditions hold.

anb=0, at Ab#£0, anbt=£0, at Abt£0.

We examine whether a nontrivial common cause of two correlated elements in an atom-
less and complete orthomodular lattice exists or not (Proposition 3.9 and Proposition 3.10).
We prove the following lemma in reference to Lemma 3 in [8].

Lemma 3.4 Let i be a completely additive probability measure on an orthomodular lattice
L and let a and b be elements in L such that u(a Ab) > u(a)u(b). Then 1 — p(a) — u(b) +
u(a A b) > 0 and the following facts hold.

1. If u(a) > u(a A b), then
u(aAb) — u(a)u(d)
1 —p(a@) — u®d) +pnlanb)
2. If u(a) = u(a A b), then

< u(anb).

waAb) — p@p®)
1= p@ —ub) +panp H@nd:

Proof Since u(a Ab) > u(a)u(b), u(a) <1 and w(b) < 1. Therefore
1 —ula) — pud) +p@aAnb)>1—pa) — pnb) + p@ud) =1 - pu@) (1 —pnb)) > 0.
1. If u(a) > u(a A b), then
pu(@pud) = pu(a)((ud) — u(a A b)) + pla A b))
= w(a)(u(b) — ula A b)) + u(a)u(a A b)
> p(a Ab)(u(d) — u(a AD)) + p(a)u(a Ab)
= (n(a) + u(d) — @ Ab))u(a A D).
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So u(a)u(b)/u(a Ab) > pu(a) + w(b) — u(a A b), which implies

_ u(@)u(b)

anb) <1—pla) —pnbd)+ulanb).
Because 1 — u(a) — u(b) + u(a Ab) >0,

ula Ab) — u(@)u(d)
1 —u(a) — n®d) + puanb)

2. It can be proved in a similar way to the proof of 1.

< u(a A D).

We prove the following lemma in reference to Lemma 3 in [8].

Lemma 3.5 Let u be a completely additive probability measure on an orthomodular lattice
L and let a, b and ¢ be elements in L such that (a A b) > u(a)u(b), c <a Ab and

w(a Ab) — u(a)u(d)
1 — p(a) — u(b) +pla by

Then c is a common cause of a and b in .

u(e) =

Proof Since ¢ < a and ¢ < b, cCa and cCbh ([4], Lemma (36.3)). Elementary algebraic
calculation shows that
ula Ab) — p(a)u(d)
I — (@) — ud) +pl@nb)

()=
is equivalent to
(I = p(e)(ula Ab) — () = (@) — u(e) (u(b) — p(c)).
Because a Ab > cand u(a Ab) #1, u(c) # 1. So,

ula Ab) — u(c) _ wu(a) — pu(c) u(b) — u(c)
1 —ple) I—pul) 1—p)

Since a A b > ¢, one can write
x=c+xAch) (x=anb,a,b),
which implies
w@)=pn)+uxAct) (x=anb,a,b).

Therefore (2) holds. Since ¢ < a A b, (1) holds trivially.
Since p(a A b) > pu(a)u(b), u(a) < 1 and pu(b) < 1, which implies p(a) — n(c) <
1 — u(c) and w(b) — u(c) <1 — u(c). So

plane _p _ @ —pe _ pa Act)
w(c) u(c) 1 —u(c) wu(ct)

)

pore) _p) _  pwb) —pe) _ pb Ach)
wu(e) u(c) 1 —u(c) u(ct)
Therefore (3) and (4) hold. O
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Lemma 3.6 Let i be a completely additive probability measure on an atomless and com-
plete orthomodular lattice L and let r be an element in L such that (r) # 0. For any real
number o such that 0 < o < u(r) there exists ¢ € L such that ¢ <r and u(c) = «o.

Proof Let S be the set of all subsets of £ and define T as

{T esS ’ For any finite elements 71, ..., # € T, they are mutually orthogonal,

k k
Zu(t,-) <« and Zti <rg.
i=1 i=1

T is partially ordered by set inclusion. Since {0} € T, T is not empty.
Let T’ be any linearly ordered subset of T. For any finite elements 7, ..., ¢/ in | JT’, there
exists 7" € T' such that #{, ..., #/ € T" since T’ is a linear ordered subset of T. So #{, ...,

! #/ < r. Therefore

are mutually orthogonal elements such that Zi:l u(t) <o and Y ;1
(JT" € T. By Zorn’s lemma T has a maximal element U. Since £ is complete, \/{u|u € U}
exists. Define ¢ as \/{u|u € U}. Since u < r for any elementu € U, ¢ <r.

Let {u,|a € A} denote U. Then

we)= M(Z%) =D nlug).

acA acA

Since Y, .4 1 (u,) < o for any finite subset A’ of A, u(c) <a.

Suppose that w(c) < . Because pu(c) <a < u(r)andc <r,c <r.Soct Ar#0. Let
v denote ¢ A r. Define the countably infinite set {v;};eyy of mutually orthogonal nonzero
elements in £ such that v > Y ", v; for any n € N as follows. Since £ is atomless, there ex-
ists an element v’ € £ such that 0 < v’ < v. Define v; as v'. If mutually orthogonal nonzero
elements vy, ..., vy such that v > Zf;l v; are defined, then

and (Zf;l v;)T A v #£ 0. There exists v” € £ such that (Zf:l v))t Av>1v" >0 since £ is
atomless. Define vy as v”. Then

k+1

k
v>§ v,-+vk+1:E v;.
i=1 i=1

Since v A ... AVE = (Zf;l v;)t > vy, any elements in {vy, ..., vz} are mutually or-
thogonal. Because £ is complete, Y .-, v; exists and v > > 0 v;.

If w(v;) > a — u() for any i € N, lim,,00 ) 1 u(v;) = oco. Because pu(v) >
221 w(v;), this is a contradiction. So there is v; € {v;};en such that u(vy) < o — w(c),
which implies @ (c + v) < . Therefore for any finite elements ', ..., u,, in U U {v}, they
are mutually orthogonal, > /| u(u}) <o and > ;- u} < r. Therefore U U {v;} € T. This is
a contradiction because v; ¢ U and U is a maximal element of T. Therefore yu(c) =«. U

We will prove the following lemma in reference to the proof of Proposition 7 in [1].
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Lemma 3.7 Let u be a faithful completely additive probability measure on an atomless and
complete orthomodular lattice L, let r be a nonzero element in L and let « be a real number
such that 0 < a < u(r). Then the set {c € L|c <r and pu(c) = a} is an uncountably infinite
set.

Proof By Lemma 3.6, there exists ¢ € £ such that u(c) =« and ¢ <r. Since c <r, r A
ct #0, that is, u(r A ct) # 0. Let B be any real number such that 0 < 8 < min{u(r A
¢1), a}. By Lemma 3.6, there exist cpi,cpr € Lsuchthatcg <c,cp <7 Act and n(cpr) =
u(cpa) = B.

Define cg as (c A cﬁl) +cp2. Thencg <c Vv (r A c¢t) <rand

n(cg) = plc A Cél) + plepa) = ulc) — plepr) + plepr) = a.

For any real numbers 8 and y such that 0 < 8 < y < min{u(r A ¢t), o}, cpo # cyo since p
is a faithful completely additive probability measure. Therefore ¢z # ¢, . O

Reichenbach [9] proved the following lemma (pp. 159-160).

Lemma 3.8 Let 1 be a completely additive probability measure on an orthomodular lattice
L and let a, b and ¢ be elements in L. If ¢ is a common cause of a and b in , then
ula Ab) > p(a)u(b).

Proof Since aCc and bCc, a AbCc ([4], Lemma (36.4)). So u(a) = w(a Ac) +pu(a Act),
wb)=pubArc)+ubAct) and uaAb)=p@arbAc)+ulaAbAct) by Lemma 2.9,
Then

m@anc) /\cl)><u(b/\6) 3 M(b/\CL)>

b)— b) = 1—u(c
ulanb)—p(a)u(b) = p(c)( M(C))( O D) e D)

by (1) and (2). By (3) and (4), i(a A b) > pu(a)(b). O

Proposition 3.9 Let ;v be a completely additive probability measure on an atomless and
complete orthomodular lattice £ and let a and b be elements in L such that a A b* # 0 and
at Ab+£0. Then the following conditions are equivalent.

L. p(a nb) > p(a)u(b)

2. There exists a nontrivial common cause of a and b in .

Proof 2 =1 It holds by Lemma 3.8.
1=21If ula A b) = u(a),

panb) —pa@p®d
= (@) = () + ulanb)

by Lemma 3.4. By Lemma 3.5 a A b is a common cause of ¢ and b in u. If a Ab=a or
aAb=b,anbt=0ora* Ab=0.This contradicts the assumption. So a A b is a nontrivial
common cause of a and b in .

If w(a A b) # p(a),

ula Ab) — u(a)u(b)
1 —p(a) — pu(d) +pla Ab)

< u(a A Db)
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by Lemma 3.4. By Lemma 3.6 there exists ¢ € £ such that

ula Ab) — p(a)u(d)
1 — pa) — u(b) + pu(a Ab)

c<aAband u(c) =

By Lemma 3.5 c is a nontrivial common cause of a and b in u. O

Proposition 3.10 Let 1 be a faithful completely additive probability measure on an atom-
less and complete orthomodular lattice £ and let a and b be elements in L such that
a A bt #0. Then the following conditions are equivalent.

L p(a Ab) > p(a)u(b)
2. There exist uncountably infinite nontrivial common causes of a and b in .

Proof 2 =11t holds by Lemma 3.8.
1 =2Ifu(@Ab)=pu(a),a Ab=abyLemma?29. Thena Ab+ =aAbAbt=0. This
contradicts the assumption. So p(a A b) < u(a). By Lemma 3.4

u@Ab) — u@)u(b)
1 — (@) — u®d)+planb)

< u(a nb).

By Lemma 3.7 the set

{ceﬁ‘c<a/\bandu(c): u(a Ab) — pu(a)u(b) }

1 — p(a) — u(b) + pula Ab)

is an uncountably infinite set. By Lemma 3.5 the element in the set is a nontrivial common
cause of ¢ and b in u. O

4 Concluding Remarks

The common cause of a and b in Proposition 3.9 is a lower bound of a A b. Redei [7] called
such a common cause a strong common cause (p. 1312). There is another common cause ¢
such that ¢ £ a and ¢ £ b. Redei [7] called such a common cause a genuinely probabilistic
common cause.

If u(a A b) > (a)u(b) implies 1 — w(a)w(b)/m(a A b) < pu(a* A bt) in Lemma 3.4,
it can be proved that there exists a genuinely probabilistic common cause of two correlated
elements in an atomless and complete orthomodular lattice as well as the proof of Proposi-
tion 3.9 (cf. [1], Proposition 7). When a commutes with b, u(a A b) > u(a)u(b) implies
1 —w(a)pu(d)/mu(a Ab) < w(at AbL). Butit is not obvious whether the inequality holds in
the case where a does not commute with b.
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